The wavefuntion of conduction electrons moving in the background of a non-coplanar spin structure can gain a quantal phase -Berry phase -as if the electrons were moving in a strong fictitious magnetic field. Such an emergent magnetic field effect is approximately proportional to the solid angle subtended by the spin moments on three neighbouring spin sites, termed the scalar spin chirality. The entire spin chirality of the crystal, unless macroscopically canceled, causes the geometrical Hall effect of real-space Berry-phase origin, whereas the intrinsic anomalous Hall effect (AHE) in a conventional metallic ferromagnet is of the momentum-space Berry-phase origin induced by relativistic spin-orbit coupling (SOC). Here, we report the ordering phenomena of the spin-trimer scalar spin chirality and the consequent large geometrical Hall effect in the breathing kagomé lattice compound Dy3Ru4Al12, where the Dy 3+ moments form non-coplanar spin trimers with local spin chirality. Using neutron diffraction, we show that the local spin chirality of the spin trimers as well as its ferroic/antiferroic orders can be switched by an external magnetic field, accompanying large changes in the geometrical Hall effect. Our finding reveals that systems composed of tunable spin trimers can be a fertile field to explore large emergent electromagnetic responses arising from real-space topological magnetic orders.
Conventional electronic devices are based mainly upon the band dispersions of the conducting electrons and not on their phase factors. However, better understanding of the topological character of electron bands that has been achieved in recent years is now promising next-generation devices where both the dispersions and the phase factors can be tailored [1, 2] . Such a prospect is derived from the fact that the Berry phase, which describes the change of the phase factor for an electron moving adiabatically around a loop in real or reciprocal space, has a direct impact on the electron transport [3] . Specifically, in ferromagnetic systems with broken time-reversal symmetry, it has been established that a non-zero Berry phase over the occupied bands in reciprocal space can be induced by the relativistic SOC, which gives rise to an intrinsic AHE with the transverse conductivity σ xy proportional to the spin polarization of the conducting electron [4] [5] [6] .
Non-zero Berry phases and a consequent Hall effect can also arise in a special type of magnet where the magnetic moments form non-coplanar structures. In these magnets, the topologically non-trivial Berry phase is induced not by the SOC as in the case of the 'conventional' AHE, but by non-zero scalar spin chirality χ ijk = S i ·(S j ×S k ), with S denoting the localized spins at vertices i, j, and k of a triangle [7] [8] [9] [10] [11] . Hereafter we refer to such scalar spin chirality simply as chirality. This chirality-induced Hall effect, here named geometrical Hall effect (GHE), is readily understood in the real space picture. Due to the coupling with the localized moments, an electron hopping successively across the triangular sites i-j-k-i will gain a Berry phase that is approximately proportional to the solid angle spanned by the localized moments as if the electrons were circling around a magnetic flux [8] .
In spite of continuous efforts [13] [14] [15] [16] [17] [18] [19] [20] , an unambiguous experimental illustration of the correspondence between the non-coplanar spin trimers and the GHE is still missing. This is partly due to the difficulty in stabilizing commensurate non-coplanar magnetic structures on twodimensional lattices [15] . For example, on the prototypical kagomé lattice, Heisenberg spins normally prefer to order in a coplanar structure due to its amenability to fluctuations [21] [22] [23] , and the coplanarity is maintained even in a magnetic field [24] .
In this letter, we show that non-coplanar spin trimers can be stabilized in the intermetallic compound Dy 3 Ru 4 Al 12 , where the magnetic Dy 3+ ions constitute a breathing kagomé lattice with corner-sharing triangles of two different sizes (see Figs. 1a and b) [25, 26] . Using neutron diffraction, we find that both the stacking order and the local chirality of the spin trimers can be tuned by a magnetic field. As long as the entire scalar spin chirality becomes non-zero, a large GHE emerges in our magneto-transport measurements. The geometrical origin of the observed Hall effect is also confirmed through a semi-quantitative comparison between the magnitude of the Hall conductivity and the entire scalar spin chirality.
Our Dy 3 Ru 4 Al 12 single crystals were grown using the Czochralsky technique [12] . Neutron diffraction experi- ions with z = 0.25 and z = 0.75 are shown by dark and light blue circles, respectively. In the unit cell enclosed with solid lines, directions of the Dzyaloshinskii-Moriya Interaction (DMI) vector defined over the nearest-neighbour bonds are shown in red circles, and the corresponding bond directions are shown by grey arrows over the bonds. The nearestneighbour J1 and second-neighbour J2 bonds are indicated by curved arrows. (c) Field-dependence of the neutron diffraction intensities of the magnetic reflections (5/2 0 1/2) and (7/3 1/3 0) measured at T = 2.2 K. (d) Phase diagram of Dy3Ru4Al12 obtained from magnetization (up-pointing triangles) and heat capacity (left-pointing triangles) measurements [12] . PM represents the paramagnetic phase. Effect of the demagnetization field has been corrected [12] . Error bars representing standard deviations are smaller than the symbol size.
ments on a single crystal sample of Dy 3 Ru 4 Al 12 were performed on the thermal-neutron diffractometer ZEBRA at the Swiss Spallation Neutron Source SINQ of the Paul Scherrer Institut PSI. Incoming neutron wavelength of 1.18Å (Ge(311) monochromator) was used for the measurements. Magneto-transport experiments were performed on single crystals with characteristic dimensions of 3.0×0.8×0.15 mm 3 , where the largest faces were perpendicular to the crystallographic c-axis and were aligned perpendicular to the magnetic field. The electric current was applied along the a * axis in reciprocal space. Measurements below 14 T were performed on the Quantum Design PPMS, and measurements up to 24 T shown in the Supplemental Materials were performed at the High Field Laboratory for Superconducting Materials at Tohoku University [12] .
At zero field, Dy 3 Ru 4 Al 12 is known to enter a magnetic long-range ordered state with a propagation vector of (1/2 0 1/2) [25] . However, by applying a magnetic field along the c axis, we found in the present study that the magnetic propagation vector can be shifted from q 1 = (1/2 0 1/2) to q 2 = (1/3 1/3 0). As is shown in Fig. 1c , our neutron diffraction experiments reveal that at temperature T = 2.2 K, the intensity of the (5/2 0 1/2) reflection in phase I drops to zero at a field of µ 0 H ≈ 0.6 T, while a new reflection emerges at (7/3 1/3 0). The intensity of the (7/3 1/3 0) reflection is not constant, but decreases sharply at µ 0 H ≈ 1.2 T while remaining finite, indicating the appearance of two distinct field-induced phases (II and III), consistent with the magnetic transitions observed by magnetization measurements [25] (see also Fig. 3a) . Following the anomalies in the magnetic susceptibility and heat capacity across the phase transitions [12], we map out the H-T phase diagram as presented in Fig. 1d . Neutron diffraction datasets were collected in the three phases at T = 2.2 K to clarify their precise magnetic structures. Figure 2 summarizes our refinement results. Details for the dataset refinement can be found in the Supplemental Materials [12] . We notice that the magnetic structures in both phases I and II consist of similar spin trimers with non-zero local chirality. As is presented in Fig. 2d , four spin-trimer configurations are observed in the magnetic structure of phases I and II: the in-plane spin components S ab are all pointing inwards or outwards, and the out-of-plane components S c aligning uniformly parallel or anti-parallel to the c axis. From our refinements, the ratio |S c /S ab | remains nearly constant at ∼ 2 in both phases I and II, meaning the magnitude χ 0 of the local chirality does not change across the transition between phases I and II. Therefore, the entire chirality is completely determined by the stacking pattern of the trimers. In phase I with q 1 = (1/2 0 1/2), the sign of the local chirality is reversed between neighbouring unit cells along the a and c axes, implying full cancellation of the local chirality. However, in phase II with q 2 = (1/3 1/3 0), the signs are arranged in a sequence of +/+/− along a and b axes, which results in an average chirality per spintrimer unit of χ 0 /3 with χ 0 ≈ 0.17. Here the chirality χ 0 is calculated assuming a unit spin length |S| = 1. Over the larger second-neighbour triangles, the global chirality also becomes non-zero in phase II, and its magnitude equals χ 0 /3, as large as that over the spin-trimer unit.
The individual spin-trimer chirality, as well as the entire chirality averaged over all sites, can be further tuned with a higher magnetic field of µ 0 H > 1.2 T, where a new phase (III) is realized. In this phase, most of the magnetic reflections become weaker than those in phase II, and all the (n/3 n/3 0) reflections are extinct. These observations allow us to assign the magnetic structure shown in Fig. 2c , where the c component of all the Dy 3+ moments aligns in the field direction [12] . As shown in Fig. 2e , the in-plane components of the Dy 3+ mo- (e) Twisted and anti-twisted spin trimers in phase III where the spin components in the ab plane are parallel to the opposite edge of the triangles. In phases I, II, and III, the refined magnitude of the ordered Dy 3+ moments are 6.5(5), 9.3(5), and 8.9(3) µB, respectively, and the corresponding tilting angle from the c axis is 26(1)
• , 28 (1) • , and 35 (1) • .
ments change from all-in-all-out to tangential alignment, leading to two twisted trimer configurations with negative chirality of −χ 0 /3 with χ 0 ≈ 0.23. Meanwhile, the twisted trimers also induce toroidal-like correlations over the second-neighbour triangles, where the averaged global chirality per spin-trimer unit amounts to χ 0 , with a positive sign and an absolute magnitude that is three times as large as that over the nearest-neighbour spin trimers. The global chirality in phases II and III motivated us to search for the chirality-induced GHE. Figure 3 summarizes the results of our transport experiments. The anomalous Hall conductivity σ As is shown in Figs. 3a and b, the anomalous Hall conductivity σ A xy becomes non-zero in phases II and III as is expected for the chirality-induced GHE, and the evolution of σ induced through the Karplus-Luttinger or the side-jump mechanism is not related to chirality of the magnetic moments and only depends on the total magnetization M along the field direction [6] . As is shown in Fig. 3d , a sharp increase in σ A xy (T ) is observed when the system is cooled through the phase transition at ∼ 5 K in a magnetic field, while the magnetization M (T ) almost stays constant on both sides of the transition. The contrasting behavior of σ A xy (T ) and M (T ) reveals that the observed AHE is not dominated by the Karplus-Luttinger or the side-jump mechanism and is consistent with its chirality origin.
The relative change of σ A xy between phases II and III can be semi-quantitatively understood through the chirality-induced GHE. Assuming the geometrical weight over the Dy 3+ trimers and the second-neighbour triangles to be dominant and comparable [10, 11] , the total chirality χ tot of the Dy sublattice can be estimated to be ∼ 2χ 0 /3 and 2χ 0 /3 in phases II and III, respectively, with χ 0 /χ 0 ≈ 1.4. Meanwhile, due to the perturbative nature of the couplings between the conducting electrons and the Dy 3+ moments, the spin polarization p of the conducting electrons should be proportional to the net magnetization, with M µ0H=2T /M µ0H=0.7T ≈ 2.7. Given that σ A xy ∝ pχ tot , the ratio of the chirality-induced anomalous Hall conductivity in phases III and II is expected to be ∼ 3.8, which is close to our observation in Fig. 3a .
Compared to the skyrmion lattice characterized by a topological Hall effect related to the winding number of the spin texture [30] [31] [32] [33] [34] , the magnetic structures in phases II and III of Dy 3 Ru 4 Al 12 have a much shorter periodicity, where a magnetic unit cell consists only of 3×3 unit cells. According to theoretical calculations [11] , when the couplings between the conducting electrons and local moments are weak as in Dy 3 Ru 4 Al 12 , the two Berryphase scenarios in reciprocal and real spaces can be equivalent. Therefore, Dy 3 Ru 4 Al 12 might be viewed as an intermediate system that bridges the magnetic skyrmion lattice with a long periodicity of tens of nanometers [32] and the prototypical kagomé model with a minimal periodicity of one single unit cell [8] , and might help clarify the equivalence between the two Berry-phase scenarios for the GHE in reciprocal and real spaces.
Due to the strong SOC on the Ru ions, we do not completely rule out the role of SOC in our observed GHE. The SOC may join the scalar spin chirality in enhancing the transfer of the Berry curvature. Recent investigations on Mn 3 Sn and Mn 3 Ge reveal that the SOC is able to induce an AHE even in antiferromagnets with coplanar magnetic structures [35] [36] [37] [38] . It will be interesting to clarify the role of the SOC and explore its possible interplay with the scalar spin chirality in Dy 3 Ru 4 Al 12 . In summary, our neutron diffraction experiments reveal the existence of spin trimers in the breathing kagomé lattice compound Dy 3 Ru 4 Al 12 , where both the stacking order and the local scalar spin chirality of the trimers can be tuned by a magnetic field. In phases with non-zero entire scalar spin chirality, a large GHE is observed in our magneto-transport experiment. Our works provide an unambiguous illustration for the chirality induced GHE, and reveal that systems composed of tunable spin trimers can exhibit large emergent electromagnetic response due to couplings between the conduction electrons and the localized magnetic moments.
We acknowledge helpful discussions with H. Ishizuka, N. Nagaosa, N. Gauthier, B. Normand, Owen Benton, and C.L. Zhang. Our neutron diffraction experiments were performed at the Swiss Spallation Neutron Source SINQ, Paul Scherrer Insitut PSI, Villigen, Switzerland. Our transport experiment in high magnetic fields up to 24 T were measured at the High Field Laboratory for Superconducting Materials at Tohoku University. This work was supported in part by JST CREST Grant Number JPMJCR1874 (Japan Ordering phenomena of spin trimers accompanied by large geometrical Hall effect Supplementary Information I. CRYSTAL GROWTH AND REFINEMENT OF THE X-RAY DIFFRACTION DATA Dy 3 Ru 4 Al 12 single crystals were grown using the Czochralsky technique with 1 % excess Al in raw ingots to compensate evaporation during the melt-growth process [S1] . Phase-purity and absence of grain boundaries in the resulting crystals were confirmed using powder x-ray diffraction (XRD), energy-dispersive x-ray spectroscopy (EDX), scanning electron microscopy (SEM), as well as optical microscopy.
XRD measurements on pulverized Dy 3 Ru 4 Al 12 crystals were performed with a commercial in-house x-ray diffractometer (Rigaku RINT TTR-III, Cu K α radiation) at room temperature. Refinements were performed with the space group P 6 3 /mmc using the software RIETAN [S2] . The refinement results are shown in Fig. S1 . The refined lattice constants are a = 8.774(2)Å, and c = 9.530(1)Å. The refined Dy position at the 6h site (x 2x 1/4) is x = 0.1934(1). It was necessary to take into account a preferred orientation of (001) plane with a preference factor of 1.10 [S2] . The goodness-of-fit R factors are R wp = 13.0 %, R p = 9.8 %. 
II. MAGNETIZATION MEASUREMENTS AND PHASE DIAGRAM
Magnetization and specific heat measurements were employed to characterize the phase diagram of Dy 3 Ru 4 Al 12 in a magnetic field along the c axis. These data agree with the transport and neutron scattering experiments discussed in the main text, if the effect of the demagnetization field is corrected by H = H ext − N M with internal field H, external field H ext , magnetization M , and the averaged demagnetization factor N . The demagnetization factor was estimated for both cuboids and platelets by elliptical approximation of the sample shape [S3] . The derivative dM/dH in Fig. S2a was obtained from the magnetization data M (H) measured with a vibrating sample magnetometer (VSM) in a Quantum Design PPMS cryostat. We evidenced two field-induced magnetic transitions with a large hysteresis. At the lowest temperature, the transition between phases I and II (c.f. main text) occurs very close to zero magnetic field in field-decreasing measurements, i.e. phase II can be meta-stabilized down to very low field (Fig. S2f) .
Although phase III and the field-aligned paramagnetic regime (PM, Figs. S2f and g) are indistinguishable in magnetization measurements at high fields, a sharp transition between them was observed in the specific heat measurements (Fig. S2d and e) . The thermodynamic measurement is thus in agreement with the previous report on the T and H dependence of the ultrasound velocity in Dy 3 Ru 4 Al 12 . [S4] . dM/dH
(g)
FIG. S2. (a) Magnetic susceptibility, (b-e) heat capacity (measured in cooling)
, and (f,g) phase diagram in a magnetic field along the c axis. We constructed magnetic phase diagrams in panels (f) and (g) with phases I, II, and III as specified in the main text, using magnetic susceptibility and specific heat measurements. PM signifies the paramagnetic state. The data in (a) are offset by constant values for clarity. Data for decreasing (increasing) magnetic field is shown in color (grey). In (b-e), we identify a sharp first-order transition at lower fields (H = 0 and 5 kOe). Although the transition from phase III to the field-aligned PM state is invisible in the magnetization data, the specific heat measurements clearly delineate the two regimes as indicated by orange arrows. In panels (f) and (g), ∂H/∂t < 0 (∂H/∂t > 0) signifies decreasing (increasing) magnetic field. In panels (a,f,g), effect of the demagnetization field has been corrected.
III. REFINEMENT OF THE NEUTRON DIFFRACTION DATASET
Neutron diffraction experiments on a single crystal sample of Dy 3 Ru 4 Al 12 were performed on the thermal-neutron diffractometer ZEBRA at Swiss Spallation Neutron Source SINQ of Paul Scherrer Institut PSI (Villigen, Switzerland). A piece of Dy 3 Ru 4 Al 12 single crystal with dimensions of 3.88×3.71×1.40 mm 3 was aligned with the (hk0) plane horizontal. A cryomagnet with vertical magnetic field and base temperature of 2.2 K was employed. Incoming neutron wavelength of 1.18Å (Ge(311) monochromator) was selected for the measurements. At zero field, 266 magnetic reflections, of which 190 are mutually independent, were collected. At an external magnetic field of 0.7 (2.0) T, 230 (64) independent magnetic reflections were collected. Absorption corrections of the intensities were performed using JANA [S5] . Refinements of the datasets were carried out using FULLPROF [S6] .
Phases I and II
Refinements of the neutron diffraction datasets were performed with FullProf [S6] . Following Ref. [S25] , a satisfactory fit for the dataset collected in zero field was obtained with the magnetic space group C c 2/c (BNS No. 15.90). The refined magnetic structure is similar to that reported in Ref. [S25] , and the R-factors are R f = 10.3 % and R f 2 = 16.1 %. However, under further constraints of equal moment size and all-in-all-out alignment for regular spin trimers, we were able to obtain a similarly good fit, with comparable R-factors of R f = 10.1 % and R f 2 = 16.1 %. The refined magnetic structure is shown in Fig. 2a of the main text and the comparison of the observed and calculated intensities is shown in Fig. S3a .
For the refinement of the neutron diffraction dataset collected in phase II, we started with the spin configuration observed in phase I for the primary unit cell and introduced a sinusoidal modulation with q 2 = (1/3 1/3 0). In this way, a relatively good fit was obtained with R-factors of R f = 10.6 % and R f 2 = 16.8 %. However, this solution involves unequal magnetic moment sizes even after adding a uniform spin component along the c axis that is induced by the applied field. To overcome this problem, we introduced a similar magnetic structure that shows an up-updown sequence for the spin trimers along a and b axes, which can be viewed as a modified version of the sinusoidally modulated structure. This solution has equal moment size and is able to explain the magnetization plateau observed in phase II. Refinement against the neutron diffraction dataset results in a satisfactory fit with R-factors of R f = 9.8 % and R f 2 = 15.6 %, and the comparison for the observed and calculated intensities is shown in Fig. S3b . 
Phase III
As is mentioned in the main text, intensities of the magnetic reflections belonging to q 2 = (1/3 1/3 0) are weaker in phase III compared to those in phase II, indicating that the c components of the magnetic moments are aligned parallel to the applied field and are thus forming the q = 0 propagation vector. Therefore, only the in-plane components contribute to the q 2 = (1/3 1/3 0) reflections, leading to weaker intensities. This in-plane character has also been unambiguously proved in our recent resonant x-ray diffraction experiment [S7] .
Magnetic structure of the q 2 = (1/3 1/3 0) component in phase III was determined through symmetry analysis. It is known that most commensurate spin configurations possess one of the possible maximal magnetic symmetries compatible with the propagation vector in the parent space group, forming the k-maximal subgroups [S8] . Using the program k-Subgroupsmag in the Bilbao Crystallographic Server [S9] , we obtained 9 k-maximal subgroups of the P 6 3 /mmc parent space group with k = (1/3 1/3 0), among which P 6 3 /m c m (BNS No. 193.261), P 6 3 /m cm (193.259), P 6 3 /m c m (193.258), P 6 3 /m cm (193.255), P 6 2m (189.224), P 6 2 m (189.223) allow spin components in the ab plane. Refinement of the neutron diffraction dataset reveals that the best fit is achieved with the P 6 3 /m c m (193.258) magnetic space group with R-factors of R f = 19.1 % and R f 2 = 25.9 %. The corresponding magnetic structure is shown in Fig. 2c of the main text, and is also reproduced in Fig. S4 together with the comparison of the observed and calculated intensities. The relatively large value of the R-factors compared to those in phases I and II might due to the relatively weaker intensities of the magnetic reflections in phase III.
The magnetic structure in phase III was also confirmed with a different method that is based on the observed extinction rule. Among the (n/3 n /3 0) magnetic reflections, zero intensity is observed for n = n . Considering that neutron scattering only probes the magnetic structure factor component that is perpendicular to the momentum transfer, this extinction rule means that for any (n/3 n/3 0) momentum transfer, the magnetic structure factor is either zero or parallel to the 110 directions, where 110 represents the symmetrically equivalent directions along a, b, and a + b. Therefore, in the unit cell shifted by (1/2 1/2 0) as indicated by dashed lines in Fig. S4a , the Dy 3+ moments over the hexagon should be symmetric with respect to the 110 directions as illustrated in Fig. S5a . Constraints along the three 110 directions leave only one degree of freedom in the spin alignment, that is the rotation of the spins by an angle of ±θ shown in Fig. S5b , where the ± sign differentiates the spins in different layers. By further applying the 6 3 or 6 3 symmetry, we are able to obtain the two special solutions with θ 1 = 0/π and θ 2 = ±0.5π shown in Fig. S5c . Based on these two candidate alignments within the unit cell, we could construct the q 2 = (1/3 1/3 0) magnetic structure on the whole lattice. The solution with θ 2 = ±0.5π is exactly the same as what we found through magnetic space group analysis, while the solution with θ 1 = 0 or π leads to a worse fit with R F 2 = 85.27 %. 
IV. STABILITY OF THE SPIN TRIMERS AND PHASE TRANSITIONS
The rigid spin trimers in phases I and II revealed in our neutron diffraction experiment allow us to understand the meta-magnetic phase transitions in Dy 3 Ru 4 Al 12 . Noticing the relatively strong ferromagnetic nearest-neighbour (NN) coupling J 1 that is evidenced by the positive Weiss temperature of ∼ 55 K, we can treat the spin trimers as effective Ising spins with only c component, which simplifies the breathing kagomé lattice of the Dy 3+ spins as an effective triangular lattice of composite Ising spins. Here we neglect the couplings between the neighbouring layers in the c direction, which is of antiferromagnetic character on the basis of the q c = 1/2 modulation along the c axis in phase I but should be weak since q c becomes zero in phase II at a relatively weak magnetic field of 0.6 T. The simulation was performed on a 12×12 superlattice with J 1 = 0.38 K, J 2 = J 1 /10 = 0.038 K, and T = 2 K. The magnitude of the magnetic moment is 22 µB, which equals the saturated moment of the Dy 3+ trimer in a high magnetic field along the c direction. The dashed part of the magnetization curve indicates the high-field region where the rigid spin trimers break down. The narrow plateau on the boundary of phases I and II is due to the finite size effect. The insets show the alignment of the composite Ising spins in phase I with q = (1/2 0) at the top left, phase II with q = (1/3 1/3) at the top right, and phase III with double q of (1/2 0) + (0 1/2) at the bottom. In each alignment, red (blue) triangles represent spin trimers with c component aligned parallel (anti-parallel) to the field.
The phase diagram for the triangular lattice with classical Ising spins was investigated previously [S10] . It is known that in a large parameter space of antiferromagnetic NN couplings J 1 and second-neighbour couplings J 2 , the zero-field ground state has a propagation vector of q = (1/2 0) as we observed in phase I of Dy 3 Ru 4 Al 12 . In a magnetic field perpendicular to the triangular lattice plane, a series of magnetic transitions appears, and the evolution of q/(H) depends on the ratio of J 2 /J 1 . Specifically, as is shown in Fig. S6 , when J 2 /J 1 < 0.2, an intermediate phase with q =(1/3 1/3) emerges as we observed in phase II of Dy 3 Ru 4 Al 12 , after which the system crosses a double-q phase with q =(1/2 0) and (0 1/2), before finally settling in the fully polarized phase with q = 0. The absence of the latter two phases in Dy 3 Ru 4 Al 12 indicates the breakdown of rigid spin trimers in a field above ∼ 1.1 T, which might be ascribed to the crossing of the Dy 3+ crystal field levels that have been revealed in the ultrasound experiment [S26] .
V. SINGLE ION ANISOTROPY OF THE RARE EARTH IONS IN R3RU4AL12
Besides Dy 3 Ru 4 Al 12 , the magntic properties the R 3 Ru 4 Al 12 family with R = La ∼ Nd, Gd ∼ Er, and Yb have been studied [S11-S19] , and a systematic evolution of the single ion anisotropy of the R ions can be extracted. For R = Pr [S12] , Nd [S13] , Tb [S16] , Dy, and Ho [S17] , the magnetization along the c axis is much larger than that within the ab plane, and in their magnetic structures, if available from neutron diffraction, the R 3+ moments have a large component along the c axis. All these R 3+ ions have negative Stevens factor α [S20] . By contrast, for R = Yb [S19] with positive Stevens factor α, the magnetization along the c axis becomes much smaller than that within the ab plane. This comparison reveals that the single ion anisotropy of the R 3+ ions in R 3 Ru 4 Al 12 is dominated by the Stevens factor α, similar to the situation in many rare earth oxides [S21] .
However, it should be noted that an overall easy axis along the c axis in magnetization does not necessarily mean that the local easy axis of the R 3+ magnetic moment should also be exactly along the c axis. In R 3 Ru 4 Al 12 , the R
3+
ions occupy the 6h site with 2mm site symmetry. As is shown in Fig. S7a , one mirror plane is the ab plane, and the other mirror plane is perpendicular to the ab plane and contains the a * direction in reciprocal space. Therefore, in the general case, the R 3+ ions can exhibit complicated anisotropy that involves two symmetric easy axes and thus realize the 4-state clock model. The titled easy axes might explain why the magnetization seems to be saturated at ∼ 2 T in phase III but stays below the expected value even in a high field up to 60 T [S25] .
Based on this special anisotropy, positive Dzyaloshinskii-Moriya Interactions (DMI) over the nearest-neighbour bonds (see Fig. 1 in the main text for the definition of the positive DMI vector direction) will lead to the all-in-all-out spin trimer configurations observed in Dy 3 Ru 4 Al 12 , while negative DMI will result in either 2-in-1-out or 1-in-2-out configurations similar to that expected for the kagome ices [S22] .
It should be noted that besides the single-ion anisotropy, anistropic couplings like dipolar interactions or anistropic exchange interactions might also contribute to the formation of spin trimers in Dy 3 Ru 4 Al 12 . One possible scenario is that the anisotropy of the Dy 3+ magnetic moment is tilted but stays rotationally invariant around the c axis, leading to a diabolo shape for the spin anisotropy. In this way, positive DM interactions will also favor the formation of all-in-all-out spin trimer configurations as observed in phases I and II. Further study will be needed to clarify the single ion anisotropy of the Dy 3+ ions and clarify the origin of the spin trimers. 
VI. RAW DATA OF LONGITUDINAL AND HALL RESISTIVITIES
In-plane longitudinal and Hall conductivities σ xx and σ xy , as shown in the main text, were constructed from longitudinal and Hall resistivities ρ xx and ρ yx (Fig. S8) using the well-known relations for the tensor elements:
The sample geometry was carefully measured using an optical microscope (error bar ±5 %) so as to minimize uncertainties of the analysis. Above T N , the system shows strong negative magnetoresistance, indicating significant correlation between the conducting electrons and the short-range ordered magnetic moments. The more complex behavior of ρ xx and ρ yx below T N is related to the magnetic ordering, and consequent changes in carrier scattering time τ . In such cases of field dependent τ , it is preferable to focus on σ xy rather than of ρ yx for a proper analysis of the anomalous Hall or geometrical Hall effect.
However, the Hall resistivity ρ yx comes with the considerable advantage that the normal Hall effect due to the Lorentz force acting on electrons and holes has weak temperature dependence in the metallic state in general, as is also the case for the R 3 Ru 4 Al 12 family [S34]. Therefore, we first subtracted the field-linear normal Hall resistivity from ρ yx viz.
and subsequently calculated the anomalous/geometrical Hall conductivity following σ
yx . Note that the contribution of ρ yx in the denominator amounts to less than 10 −3 in relative terms. Our simple analysis, which does not make any major ad-hoc assumptions about the behavior of the normal Hall effect, satisfies a simple 'sanity check': In phase I with antiferromagnetic stacking of alternating magnetic layers and vanishing global scalar spin chirality, σ A xy = 0 exactly within our analysis as is shown in Fig. 3 of the main text.
VII. HIGH-FIELD TRANSPORT EXPERIMENTS
At higher magnetic fields, it is expected that a closing of the spin-trimer 'umbrella' structure leads to a suppression of the geometrical Hall signal. We explored the regime up to µ 0 H = 24 T at the High Field Laboratory for Superconducting Materials (IMR, Tohoku University, Sendai, Japan) with a standard transport lock-in technique. The 25T cryogen-free superconducting magnet (25T-CSM) was used [S23] . The electric current was applied along the a * axis, and the field was applied along the c axis. The excitation current was 5 mA and the measurement frequency was 10 − 20 Hz. Because the polarity of the magnetic field cannot be reversed in this setup, we removed the sample from the cryostat and manually rotated the stage by 180 degrees before re-inserting once again.
The high-field data was compared to measurements on the same sample, with the same wiring, acquired in our in-house PPMS cryostat. We noticed offsets of the Hall resistivity (∼ 10 %) and longitudinal resistivity (up to ∼ 25 %) which likely occurred due to phase rotations in the imperfect electrical circuit used for the high-field experiment. We corrected these offsets by scaling the high-field results to the in-house data (Fig. S9) . We emphasize that the low-field measurements presented in the main text did not suffer from similar problems with the electric circuit.
Magnetoresistance ρ xx and Hall conductivity σ xy are shown in Fig. S9a and b , respectively. The high field data (solid colors) are compared to in-house low-field measurements (shaded colors). The change of ρ xx (H) is relatively weak and quasi-linear in the high-field regime. Meanwhile, σ xy bends strongly at the lowest T , and curves more gently at T = 10 and 20 K. This result is generally in agreement with the expectation for the geometrical Hall effect, where σ A xy constitutes an additional contribution to σ xy , which appears only below the ordering transition (∼ 5 K) and is suppressed at very large H. The data also confirm the result of previous magnetization measurements [S25] , which indicates that there are no additional field-induced transitions above µ 0 H = 1.5 T in this compound when the field is applied along the c axis.
A quantitative analysis of the high-field data remains challenging, in large part due to the rather complex behavior of the normal Hall effect at µ 0 H > 9 T. This is related to the presence of a small carrier pocket with moderately high carrier mobility (µ ∼ 300 − 800 cm 2 /(Vs), which leads to bending of the σ xy curves already at T ≥ 10 K (Fig. S9b) . We modeled the curves at T ≥ 10 K using the two-band Drude model for the normal Hall conductivity σ N xy = aB + bB/ 1 + (µB) 2 (Ref. [S24] ). Here, B = µ 0 H. From our data, it cannot be excluded that µ increases in magnitude below the transition to long-range order (∼ 5 K). The strong bending of σ xy (T = 2.5 K, H) may be at least partially due to σ N xy . The presence of the small Fermi surface pocket was also confirmed using Shubnikov-de Haas (SdH) quantum oscillation experiments (Fig. S9c) . The oscillations were not resolved in the ρ xx channel. We proceeded by subtracting a fifth-order polynomial background from the Hall resistivity to obtain the oscillatory part ρ osc yx . This quantity was then subjected to a smoothing algorithm to improve the signal-to-noise ratio (SNR). Finally, we calculated σ yx . This approach is only valid in the limit ρ yx ρ xx . The oscillatory part of the Hall conductivity was fitted using the standard Landau-Lifshitz-Kosevich (LLK) expression, which is typically applied in the case of σ xx (Ref. [S25, S26] 
with λ = 2π 2 k B T /hω c and λ D = 2π 2 k B T D /hω c . The cyclotron frequency and the Dingle temperature are given by ω c = eB/m * and T D =h/ (2πk B τ ), respectively. The carrier relaxation time τ is related to the mobility viz. µ SdH = eτ /m * . From the LLK fit, we extract the Fermi surface cross-section S F = 2π F m * /(he) = 83 T and µ SdH ≈ 900 ± 400 cm 2 /(Vs). The error bar of µ SdH is sizable due to the rather low SNR and the small size of the oscillatory amplitude. Finally, the evolution of the SdH oscillations with temperature argues against a major modification of the electronic structure at the onset of long-range magnetic order (T ∼ 5 K).
